INTRODUCTION
A FAB (Figure 1(a) ) supports the shaft by means of a cushion of air bounded by a flexible foil structure. The introduction of the foil structure resolves the problems associated with the very tight radial clearance required by a plain air bearing. With a FAB, the hydrodynamic air film pressure generated as the shaft turns pushes the foil boundary away, allowing the shaft to become completely airborne [1] . The dynamics of FAB turbomachinery are governed by the interaction between the rotor, air films and the foil structures, and exhibit nonlinear effects. The governing system of equations comprises the state (i.e. time-based first order differential) equations of the air films, foils and rotor and can be expressed in state-space form as [2, 3] :
where denotes differentiation with respect to the time variable , is the state vector, containing the s state variables (respectively relating to the air film, foil and rotor domains) and is a vector of nonlinear functions of the state variables.
Prior to the work by the co-author [2, 3] , the simultaneous solution of the state equations in (1) was avoided due to the computational burden involved. As explained in [2, 3] , this was typically done by approximating the subset of state equations relating to the air film as algebraic equations, effectively decoupling them from the rest of the equations. A non-simultaneous (" im -l gging") solution scheme was applied wherein the current value of the local air film thickness, and its rate of change with time, were estimated based on the foil and rotor displacements at the previous time step (e.g. as used in [4] ). The work in [2, 3] has shown that an efficient simultaneous solution is possible in both the time and frequency domains, which preserves the state-space format of eq. (1) (and thus the true simultaneous coupling of its components), alleviating the potential convergence issues suffered by decoupled integration schemes [5] . 6 The basic strategy for the simultaneous time-domain solution introduced in [2] has been independently verified by other researchers in [6] and successfully used to correlate with experimental results in [7] , [5] and [3] . However, the simultaneous solution schemes in [2] [3] [5] [6] [7] are based on a simplified spring-damper model of the foil structure (as described below). The present paper addresses this simplification by devising a means of including more advanced features of the foil (namely, bump interaction and inertia) into the simultaneous solution scheme.
Th foil s ruc ur consid r d will b of h "firs g n r ion" yp shown in Figur 1( ), consis ing of a single corrugated strip (comprising a series of bumps) underneath a top foil covering.
In most previous work, the individual bumps were modelled as independent spring-damper (ISD)
subsystems. The analytical bump stiffness introduced by Walowit and Anno [8] , and used by others e.g. [9] , modelled the bump as a straight beam with simply supported ends. More sophisticated individual bump stiffness expressions, based on beam theory, but including the effects of curvature (C s igli no's Th or m), h fixing of h w ld (in the case of the first bump), and the lateral friction forces at the ends, were introduced in [10, 11] . With regard to the issue of damping, which is mainly the result of the Coulomb friction between the foil and bearing shell, an equivalent linear viscous damping coefficient has been used in FAB calculations e.g. [1-3, 5-7, 12] . This was either extracted from an analytical model of a single bump [10] or from a full numerical (FE) and/or experimental study of the full corrugated structure e.g. [13, 7] .
As an improvement to the ISD, models that take into account of bump interaction have been proposed, most notably that of Le Lez et al. [4] . The modelling in [4] used analytical methods (b s d on C s igli no's Th or m) o d riv h rms in h s iffn ss matrix relating both transverse (radial) and longitudinal (circumferential) forces with the corresponding displacements. The model has been shown in [4, 14] to be useful for including actual Coulomb friction forces (rather than substituting them as equivalent damping). Inertia effects were not included in [4, 14] since it was reasoned that most applications will run far from the lowest resonance of the structure [14] .
However, the resonance computed by Le Lez et al. in [14] (9.2 kHz) was based on a single independent bump, rather than the whole foil structure. In the present paper, it will be shown that the fundamental frequency of a corrugated structure with 26 bumps similar to that in [4] is typically almost five times less (1.9 kHz). Another work has incorporated an FE model of the bump foil structure, including its inertia, into the rotor-bearing problem [15] , but ignored bump curvature, and is computationally cumbersome for simultaneous solution of the rotor-air-foil domains since it does not involve any modal reduction. In many works e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] the stiffness and inertia of the top foil are neglected and the present paper follows this approach. The work in [16] included the stiffness of the top foil but no significant improvement in correlation with experiment was reported.
The novelty of the present paper is the introduction of a modal model of the bump foil structure, based on FE analysis, into the rotor-bearing model, thus advancing the simultaneous solution scheme. Th bump foil's physic l degrees of freedom will be transformed into modal space using its undamped mode shapes. Since the number of effective modes is much less than the number of physical degrees of freedom, the model is computationally efficient while retaining key aspects of the FE model (bump interaction, inertia) that are not present in the ISD model. Section 2 presents a much-needed study of the free vibration mode shapes, frequency response functions, and modal superposition, for a corrugated foil structure. The study is then validated experimentally on a purpose-made bump foil in section 3, which also presents the manufacturing procedure. In section 4, the outcomes of the study in section 2 are adapted into the simultaneous solution of the nonlinear dynamic response of the FAB-rotor system shown in Figure 1 
FINITE ELEMENT (FE) DYNAMIC ANALYSIS OF BUMP FOIL
The focus of this section is the FE dynamic analysis of the full corrugated bump foil structure (Figure 2 ), whose left-hand edge is fully constrained (welded) and right-hand edge constrained only in the and directions (i.e. simply supported). It is noted that, in Figure 2 , the Cartesian axes ( , , ) are local to the foil, as distinct from the global rotor-bearing system axes (x, y, z) in Figure 1 . The structure in Figure 2 has the same geometry as that in [4, 14] . It is noted that the width of the bump (along axis) is equal to the bearing length . Also, in Figure 2 , the plane, which corresponds to the bearing housing surface, is taken to be a flat plane (i.e. the curvature of the bearing shell is neglected). This assumption (which is tested in sub-section 2.1) was also made in [4, 14] and is reasonable because the ratio between the height of the bump strip layer to the radius of the bearing is very small. Hence, the longitudinal ( ) direction corresponds to the circumferential direction of the bearing and the transverse ( ) direction corresponds to the radial direction of the bearing. As indicated in Figure 2 , each fl p r (" b") of h foil is free to slide smoothly along the bearing shell (i.e. in the direction) but is assumed to stay in contact with it at all times by constraints in the radial ( ) direction applied at nodes located along three lines oriented in the axial ( ) direction (which appear as three sliding pivots in the plane view of Figure 2 ).
Therefore, the system considered is an undamped linear structure, and therefore its FE analysis is a standard exercise that follows conventional discretisation techniques [18] , used by commercial FE packages [19] . D spi his, o h u hors' knowl dg , h mod sh p s of such sys m h v no been studied. It is also noted that this linear system is similar to that considered by Le Lez et al. [4] , except that they did not consider its inertia and derived its static stiffness matrix. It is important to note that, if nonlinear (Coulomb) friction forces are considered, the nonlinear constraints they introduce must not be considered at this FE stage, since these nonlinear forces would then be added as external forces applied to the linear structure (that was pre-analysed by FE) when solving the full rotor-bearing problem, as done by Le Lez at al. [4] . Hence, the modal transformation based on the undamped linear system of this section will be applicable to that situation as well (see section 4.1).
The FE analysis is performed using ANSYS Mechanical [19] . The analysis is performed using two alternative ways: (a) analysis in two dimensions (2D) using beam elements in the plane and (b) analysis in three dimensions (3D) using solid elements. In either case, all nodes are constrained in the axial ( ) direction. The 3D-FE analysis allows the variation of deflection with axial position.
The beam element used in the 2D-FE is BEAM188 which is a linear (2-node) beam element in 3-D space (i.e. has six degrees of freedom at each node) [19] . The solid element used in the 3D-FE is SOLID186, which has 20-nodes [19] . A Poisson ratio of 0.3 was used in the 3D-FE analysis. In either case, the system is analyzed for free vibration (modal analysis) and forced vibration (harmonic response). In the latter case, frequency response functions (FRFs) relating the displacement response at a degree of freedom with the excitation at the location and direction of another degree of freedom (i.e. receptance) are computed using two alternative methods: (i) full harmonic response analysis and (ii) modal superposition.
Figure 2: Bump foil dimensions and properties
As a preliminary analysis, a single independent bump that was pivoted at one end and free to slide in the -direction at the other end was considered. Its lowest natural frequency was found to be [14] . It is noted that, in [14] , the quoted foil fundamental resonance of 9. The quoted value for in [14] was 0.3 grams, so it is surmised that some allowance for the top foil inertia must have been made (though not mentioned), yielding kHz. In the present paper, the inertia of the top foil is not considered.
Attention is now focused on the full corrugated bump structure in Figure 2 , with constraints as described in the first paragraph of this section. Table 1 shows the first five natural frequencies from both 2D and 3D finite element modal analyses. It is seen that the first resonance frequency has been drastically reduced to around 1.9 kHz. The natural frequencies computed by 2D and 3D FE analyses are very close, with differences ranging between 1.48% and 0.1%. The corresponding mode-shapes computed by both 2D and 3D FE are also in close agreement, as seen in Figure 3 , which presents the first two mass-normalised modes of vibration (the first and second columns respectively showing the coupled transverse (radial) and longitudinal (circumferential) displacements). As in Figure 2 , the crosses refer to the apex points and the circles refer to the midpoints of the flat segments between the bumps, and the fixed and free edges. The coupling between the radial and longitudinal deformations is illustrated in Figure 3 by using larger crosses and circles for one half of the vibration cycle. It is noted that, in all five modes calculated, the apex of the last bump (i.e. nearest the free end) has very little radial deflection (i.e. the last cross in each of the curves in the first column of Figure 3 ). The reason for this is that the corresponding longitudinal displacements at the ends of the last bump are almost (but not quite) equal (as can be seen from the last two circles in each of the curves in the second column of Figure 3 ).
It is noted that, in the case of the 3D FE mode shape results in Figure 3 , the profile that is plotted is that contained in the plane at the mid-section of the bearing. However, the profile was found to be virtually the same at other sections. This uniformity of the vibration mode shapes along the -direction and the agreement between the mode shapes computed by 2D and 3D FE analysis makes the inclusion of the modal analysis of the foil into the nonlinear dynamic analysis of FAB relatively easy (since the air film force on the bump can be based on the average pressure indirection, as discussed in section 4). 
where is the FRF relating generic degrees of freedom i and j and and the stiffness and mass matrices respectively. With 2D FE, these matrices were 20400×20400. In the case of MS, the FRFs were output more rapidly using the truncated modal series formula [20] : (3) where (rad/s) is the natural frequency of mode no. r, , are the elements of the corresponding mass-normalised eigenvectors evaluated at degrees of freedom i and j respectively, and is the number of foil structure modes considered.
Using FHRA at zero frequency, the bump stiffness in the radial ( ) direction was found to range from a maximum of 3.2 MN/m at the bump closest to the weld (see Figure 2 ), through to 2.8 MN/m 13 at the middle bump and 1.8 MN/m at the bump nearest the free end (i.e. consistently higher than that of an independent bump with simply supported ends). As can be seen from Figure 4 (a), the MS method was not accurate in reproducing the FRF when both degrees of freedom i and j were in the radial ( ) direction. However, the MS method was quite accurate in reproducing when at least one of the degrees of freedom was in the longitudinal ( ) direction. Moreover, when the exact FRFs computed by the FHRA facility in ANSYS Mechanical [19] were fitted using the right hand side of the MS equation (3) 
Effect of curvature of bearing sleeve
Although the height of the bumps is much smaller than the radius of the bearing sleeve, it is worth investigating the assumption of neglecting the curvature of the bearing sleeve, in the absence of other research on the modal analysis of bump foil structures. Hence, the authors repeated the 2D-FE analysis of the bump structure (i.e. using the beam elements), taking into account of the curvature of the bearing sleeve i.e. with the axes and truly representing local axes that are respectively tangential and radial with respect to the inner surface of the bearing shell. The same constraints as before were applied using the cylindrical coordinate system facility in ANSYS Mechanical [19] . Table 1 (which corresponds to an infinite bearing radius). As can be seen from Figures 5(a1,b1)-5(b5,b5), the mode shapes for the finite bearing radius case (first column) are virtually indistinguishable from the infinite bearing radius case (second column). The effect of the bearing curvature on the static stiffness of the first bump at its apex in the radial direction was to increase it by a modest 6.25%.
The rotor-bearing simulations presented in Sections 5 and 6 use the foil modal parameters (natural frequencies and mode shapes) computed in this sub-section (i.e. accounting for bearing sleeve curvature). However, in view of the above observations, the rotor-bearing simulations presented in Sections 5 and 6 are in fact negligibly affected by the use of modal parameters computed from the case of infinite bearing sleeve radius instead of finite bearing sleeve radius (discrepancies between the two cases are only visible under considerable magnification). This justifies the assumption made by Le Lez et al. [4] i.e. neglecting bearing sleeve curvature for the size bearing used in this study. In any case, the principle of modal superposition to represent the radial and circumferential displacements remains unchanged and the method allows the analyst to use the mode shapes with bearing curvature in rotor-bearing calculations where this is deemed necessary. 
EXPERIMENTAL VALIDATION OF BUMP FOIL MODEL
Experimental validation of the above analysis of the full bump foil structure was obtained through impact tests on a custom-made bump foil structure. The forming tool used to make it was itself purpose-built at the University of Manchester according to the design originally introduced by NASA researchers [21] and subsequently used in [22] . With reference to Figure 6 , the bump forming tool consisted of upper and lower bump forming dies contained in their respective die beds. grinder. The forming dies were made from SAE A-2 tool steel [22] and manufactured using a wire cut electrical discharge machin (EDM) in ord r o ob in surf c finish of up o 0.05 μm accuracy. The mating convex/concave profiles of the upper/lower dies respectively followed the bump foil geometry shown in Figure 2 with a tolerance of ±0.001 mm. A flat sheet of Inconel 718, of 0.1 mm thickness and cut to a width of 38.1 mm, was used to make the bump foil. This was formed by placing the flat sheet in between the lower and upper dies, which were then pressed onto each other with a force of 66.72 kN [22] from an Instron 4507 machine, using the alignment pins for guidance. This resulted in a bump foil structure with 30 bumps, which was then cut to retain the required number of bumps (26). The subsequent heat treatment recommended in [21] was not deemed necessary since the foil was not intended for actual bearing use. This final bump structure was placed on a rigid plate for testing ( Figure 7 ). Due to potential distortion/damage from welding or soldering, the left hand end of the first bump was secured by retaining a flat tab and gluing this to the plate using epoxy (Figure 7(a) ). Hence, the left-hand end of the first bump was not strictly-speaking fully fixed (since the latter means that a no-rotation condition is imposed at that end, as in Figure 2 ). Hence, for the purpose of comparing with experiment, the FE model was slightly altered by introducing a flat segment to the left of the first bump and fixing all nodes on it in the , and directions. A thin layer of oil was applied on the plate, where the other flat segments of the bump foil slide, to minimize the friction force indirection. The experimental setup is shown in Figure 7 (b). The excitation was applied in the radial ( ) direction at the apex of one bump using an instrumented impact hammer (sensitivity 2.25 mV/N) with a medium hammer tip. The displacement response in the radial direction at the apex of another bump was picked up by a laser displacement sensor with a sensitivity of 1 V/mm. It is noted that the mass of the bump foil structure was approximately 4 grams, and so, not even a miniature accelerometer would have been suitable since it would have significantly altered the dynamics of the structure. Figure 8 21 and higher modes. The reason for this was the need to keep the impacts gentle and to limit their number, thus avoiding permanent deformation to the delicate structure. In fact, the FRF was computed from the average of only two impacts, after several impacts were rejected due to poorly directed hits. Nonetheless, as can be seen from Figure 8 (a) and the zoomed view in Figure 8(b) , the measured FRF correlates reasonably well with the predicted FRF in the domain of the first mode up to the first anti-resonance. The first natural frequency was predicted at 1.799 kHz, 4% less than the measured value 1.881 kHz. The theoretical FRF was obtained using 2D FE full harmonic response analysis (FHRA). The parameters were as shown in Figure 2 except that the density was slightly different (8193 kg/m 3 for Inconel 718) and the left-hand constraint altered as described above. It is also noticed that the alteration of the constraint resulted in a reduction of the predicted fundamental natural frequency of not more than 6% (1.799 kHz vs 1.908 kHz).
Alignment pin
It should be noted that during the tests, the supporting plate was rested on a wooden-topped trolley with a steel structure on rubber wheels. In hindsight, a seismic block would have been more appropriate, ensuring that unwanted support structure dynamics do not affect the results. 250 Hz. Hence, after the review of the first draft of this paper, the authors mounted the same test piece on a seismic block and repeated the test to ascertain that this divergence was not due to the support structure dynamics. Unfortunately, by this time, the test piece had been significantly distorted -as can be seen in Figure 9 (a), bump no.7 (where the impacts were applied) was somewhat squashed and the tabs to its right (over the middle portion) were no longer in contact with the supporting surface. For this reason, the new FRF (on seismic block) could not accurately replicate the original FRF (on desk), as can be seen in Figure 9 (b). The divergence of the new measured FRF (purple) from the original measured FRF (black) above 3000 Hz was due to the distortion of the foil since the same behaviour was observed when the test was repeated with the distorted test piece placed on the desk again. However, there is good agreement between these two measured FRFs until 2000 Hz and divergence from the theoretical FRF for frequencies below 250
Hz is seen to occur with both measured FRFs. The accuracy of the theoretical model at low frequencies is confirmed in new section 6, where it is validated against published results for the case of static (zero frequency) loading. Hence, the discrepancy between the theoretical and measured FRFs below 250 Hz must be due to some other issue with the measurement set-up. 
INCLUSION OF FOIL MODAL MODEL INTO ROTOR-BEARING PROBLEM
With reference to Figure 1 , the equations governing the motion of the symmetric rigid rotor-FAB system with rotor of mass per bearing rotating with angular velocity can be written as:
where: is the non-dimensional time and denotes , , are the displacements of the journal J in the x, y directions (relative to the bearing centre B, which is assumed to be fixed) normalized by the radial clearance c (which is the air gap when the journal is centralized in the bearing with no foil deflection), is the static load in the direction per bearing ( , in this work, except in Section 6), and the unbalance eccentricity. and are the airfilm reaction forces on the journal, obtained by integrating the air film pressure distribution over the bearing area [2, 3] . For a FAB of radius and length (Figure 1) , let denote the air film pressure (absolute) where . The pressure function is then governed by the isothermal Reynolds Equation (RE): (5) where: is the bearing number [2, 3] , , , being the atmospheric pressure and the non-dimensional air-film gap at a position [2, 3] : (6) being the non-dimensional foil deflection in the radial direction at a position . As in [2] [3] [4] [5] [6] [7] , and as justified by the agreement between the 2D and 3D FE mode shapes in Figure 3 , it shall be assumed that the variation of the foil deflection in the axial ( ) direction is negligible, meaning that is a function of only. Also, as in most works e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , the stiffness and inertia of the top foil are neglected and it is assumed to be in contact with the bump at all times for the purpose of determining . For given , is obtained by interpolation from the vector containing the radial displacements at the apexes of the bumps. It is proposed that can in principle be expressed as a superposition of bump foil structure modes: , (7, 8) where is the vector of modal coordinates and , , is the massnormalised eigenvector in mode no. r with natural frequency (rad/s), containing the radial displacements at the apexes of the bumps. It is noted that the elements in are positive in the direction (see Figure 2 ), whereas the elements in are positive when radially outward (corresponding to the direction). is governed by the modal equations of the bump foil structure (expressed in terms of the non-dimensional time ): (9) where is the vector of air pressure forces on the bumps, obtained by averaging over a bump projected area of . and are the diagonal matrices: , (10, 11) It is noted that this preliminary work is restricted by the assumption of linear damping in the foil structure. This means that the nonlinear friction forces in the circumferential ( ) direction (see Figure 2 ) are not considered, but their equivalent viscous damping effect is accounted in the damping matrix , where is the viscous damping ratio of mode no. r. This is analogous to the equivalent viscous damping used in the case of spring-damper foil models e.g. [2-3, 5-7, 12] . It should be noted that the viscous damping used in spring-damper models e.g. [2-3, 5-7, 12 ] is actually an equivalent viscous damping coefficient based on a measured hysteretic damping loss factor and an assumed frequency (typically taken to be the rotational speed). In the present case, the equivalent viscous damping is assumed to conform to a proportional damping model since the model is modal [20] . Notwithstanding the above, the work in this section is adaptable to nonlinear friction forces with further development (section 4.1).
The analysis in section 2 ( Figure 4) suggests that the circumferential displacements may be more accurately represented by modal superposition than the radial displacements. Hence, this motivates the development of an alternative to eq. (7) Hence, from (12) and (16):
The approach used to derive eq. (17) only partly neglects the foil inertia (as a result of the necessity of using the static receptance matrices). However, itself is calculated on the basis of eqs. (12) and (9), which do take into account of the foil inertia. Of course, both approaches of eqs. (17) and (7) fully account for bump interaction.
By discretizing the RE (eq. (5)) over a finite difference grid of points [3] , eqs. (4), (5) and (9) For comparative purposes, simulations are also performed using the independent spring-damper foil model (ISDFM). In this case, the second order equations (9) are replaced by first order equations: (18) where, as in [2-3, 5-7, 12] , an equivalent viscous damper of , where is the static stiffness of the bump (N/m) and is the loss factor. Hence, in the case of the ISDFM, the number of elements of the state vector in eq. (1) is s .
In either case (modal model and ISDFM), the evolution of with time is obtained by solving the system of equations (1) simultaneously in the time domain using an implicit integrator [3] .
Adaptability to Coulomb friction
The scope of this paper is restricted to the extension of the simultaneous solution scheme for FAB rotor systems to include interaction between the bumps of the bump foil structure and its inertia. As already stated, the effect of the friction (between the top foil and bump apexes and between the flat part of bump foil and the bearing sleeve, as shown in Figure 10 ) is accounted as equivalent viscous damping (second term on the left hand side of eq. (9)), as in previous simultaneous solution analysis [2] [3] [5] [6] [7] . The consideration of a Coulomb friction model is outside the scope of the present paper, bu i is impor n o highligh h pr s n m hod's d p bili y o Coulomb fric ion. On the other hand, Le Lez et al. [4] , considered the nonlinear friction forces as external forces applied to the bump foil structure, which was therefore undamped linear elastic, just like that of the present paper, with similar constraints, but without inertia. Hence, the N-degree-of-freedom ("NDOF") model used in [4] was of the form (19) where: contained the radial (pressure) forces on the apexes and the friction forces indicated in Figure 10 ; contained the radial displacements at the apexes and the circumferential displacements corresponding to the friction forces in Figure 10 ; was a reduced form of the FE static linear P stiffness matrix. Nonlinear expressions for the friction forces in were then introduced in [4] to account for stick/slip conditions, which after combination with eq. (19) and manipulation, resulted in a system of state equations with the friction forces as state variables. Le Lez et al. [4] then solved the resulting system alongside the decoupled Reynolds Equation and rotor equations in a nonsimultaneous fashion.
In the present method, it is similarly possible to introduce the friction forces as an additional external excitation term on the bump foil (by adding an additional term , where contains the friction forces only, on the right hand side of eq. (9), instead of the equivalent damping term on the left hand side of that equation), and introducing additional equations to express their nonlinearity.
The modal matrices remain unchanged. However, the additional state variables in the resulting state-space system (eq. (1)) will entail the reworking of its Jacobian matrix, which is required by the implicit integrator for solving the resulting stiff system [3] .
DISCUSSION OF RESULTS OF FAB SIMULTANEOUS ROTOR SOLUTION
In the simulations presented modes of the system analysed in section 2 are used in foil modal model, eq. (9), which will henceforth be referred to as the full foil structure modal model (FFSMM) (see final paragraph of section 2.1). With regards to the ISDFM model, a loss factor value of is used in eq. (18), as in [2, 3, 12] . Hence, the equivalent viscous damping ratio used for all modes in FFSMM eq. (9) considered. The likely reason for this is that the radial stiffness of the full foil structure was seen in section 3.1 to be consistently higher than that of an independent simply supported bump, as a result of bump interaction and the weld at one end of the foil. A static equilibrium and stability analysis, as done in [2, 3] (based on an eigenvalue analysis of the Jacobian matrix of the state-space equations), revealed that, in the case of the ISDFM, the static equilibrium configuration becomes unstable to small perturbations beyond a speed of 14,791 rpm, whereas in the case of the FFSMM the static equilibrium configuration becomes unstable beyond 13,587 rpm. The reason for the lower instability threshold speed with FFSMM is again likely to be the higher overall foil stiffness in the FFSMM case since a lower stiffness was found in [3] to promote stability of the static equilibrium. Figure 12 shows the steady-state journal orbits, over a period covering 30 shaft revs, and the corresponding clearance deformations at the instant of maximum journal eccentricity, for four speeds in the range 10,000 to 13,000 rpm, when an unbalance of g.mm is applied. With regard to the first three speeds (10,000 to 12,000 rpm, Figures 12(a-c) ), it is observed that the ISDFM gives larger orbits and higher foil deflection. The fundamental frequency of the orbits shown in Figure 12 is synchronous with the excitation. Such a steady-state orbit could not be achieved at 13,000 rpm for the FFSMM (which is why only the ISDFM solution is shown Figure   12 lower levels of unbalance at 13,000 rpm (e.g. g.mm). It is noted that this speed is quite close to the instability threshold speed (13,587 rpm) for the FFSMM. The instigation, at high unbalance levels, of sub-synchronous activity in a speed regime of stable static equilibrium has been observed experimentally elsewhere e.g. [7] . Moreover, in this particular case it was noted that, with the FFSMM, for the case of no unbalance ( g.mm), two steady-state conditions were possible at 13,000 rpm: (i) a static equilibrium condition that could be reached from initial conditions corresponding to the static condition at 12,000 rpm (the latter being reachable from the "d f ul " initial conditions used in Figure 12 The FFSMM results in Figures 11 and 12 were based on the foil deflection calculated using eq. (17) (the foil deflection determines the air film gap variation, eq. (6), used in the state equations defining the discretised form of the RE, eq. (5)). Repetition of the calculations using the original modal superposition equation for the foil deflection (eq. (7)), instead of eq. (17), produced closely agreeing results, as can be seen in Figures 13 (a-d) .
As a final verification of the FFSMM, the foil deflections shown in Figures 11 and 12 were checked against quasi-static deflections obtained using eq. (14) time domain integrator in the FFSMM i.e. based on the state variables where the in the (eq. (6)) was determined by modal superposition using either eq. (17) or eq. (7). Figure 14 shows the result of such a check for 12,000 rpm in both the balanced (Figures 14(a,b) ) and unbalanced ( Figure 14(c) ) conditions. The alternative results for foil deflection are seen to be reasonably close, as expected, since eq. (14) neglects foil inertia and foil inertia effects are not expected to be significant in the cases shown. In the balanced case ( ) foil inertia is only temporarily relevant in the transient stage (Figure 14(a) ) and becomes completely irrelevant once the static equilibrium condition is reached (Figure 14(b) ). In the steady-state unbalanced case (Figure 14(c)) foil inertia is unlikely to be significant since the excitation frequency of 200 Hz (12,000 rpm) is well below the foil first resonance of 1.9 kHz. The checks in Figure 14 also serve as verification for the ability of the reduced modal model of the foil to capture the bump interaction effect (that is accounted for in eq. (14)).
VALIDATION OF ROTOR-BEARING MODEL AGAINST PUBLISHED RESULTS
In 1978, NASA researchers Ruscitto et al. [24] published experimental data for the standard firstgeneration bearing used in this paper. This data has continued to be used by researchers to validate , for a given rotational speed. In this section, the present rotor-bearing model is applied to this problem. The static equilibrium condition at a given rotational speed was obtained directly following the process described in [3] . The minimum air film thickness could then be calculated from eq. (6) from the journal position and foil deflection. It is noted that, in accordance to the data in [24] , for the calculations of this section, the Young Modulus of the foil material, the undeformed foil radial clearance, and the air viscosity were slightly adjusted to N/m 2 , m, Ns/m 2 respectively. (30 krpm, 45 krpm), Le Lez et al. [4] explain the poor correlation with experiment for loads below 60 N as the result of the foil structure playing a less significant part at lighter loads (i.e. the air film, which is more difficult to model accurately, is more influential at the lighter loads). With regard to the speed of 55 krpm, the correlation is generally not as good as the other two speeds (see Figure   15 ). Nonetheless, the theory follows the experimentally observed trend that for a given load, the minimum film thickness increases with speed. It is noted that none of the other three researchers [4, 16 , 25] The results in Figures 15-17 have served to validate one of the main qualifying features of the FFSMM i.e. bump interaction, which is the only feature that is relevant in the static equilibrium condition (i.e. zero frequency). Inertia and viscous damping in the FFSMM are not relevant to the present static equilibrium case. On the other hand, the NDOF bump foil model used in [4] was inertia-less but included Coulomb friction forces as external forces (see section 4.1). Hence, the excellent agreement between the proposed FFSMM and the NDOF model of [4] suggests that the Coulomb friction model used in [4] has little effect on the static equilibrium condition.
CONCLUSIONS
This paper has shown that the dynamics of the full foil structure of a first generation foil-air bearing, including bump interaction and foil inertia, can be represented by a reduced modal model (comprising five modes in the case considered). This full foil structure modal model (FFSMM) was based on an FE analysis that was experimentally validated. The FFSMM was successfully integrated into the previously developed simultaneous solution technique for the coupled foil, airfilm and rotor equations. The FFSMM results obtained were proven to be sound by comparison against those obtained using the independent spring-damper foil model, and by cross-correlating alternative methods for computing the foil deflection. The FFSMM was also validated against experimental and theoretical results published in the literature for the static equilibrium condition.
A subsequent paper shall validate the model under unbalance response conditions using a purposebuilt test rig. This proof of principle opens the way for the inclusion of more complex foil structures (Generation II, III designs) into the simultaneous solution scheme (which until now was restricted to simple spring-damper models), while preserving its efficiency. While bump interaction was seen to be significant (raising the effective stiffness), foil inertia effects were not likely to be important in the unbalance response cases considered, due to the relatively low speeds. However, they are likely to be relevant in the case of high speed machinery, like turbochargers, since the experimentally validated fundamental frequency of the typical bump foil structure considered (~1.9 kHz i.e. 114,000 rpm) is well within their operating speed range. Indeed, the present study ignored the inertia of the top foil, which would further reduce the fundamental frequency of the foil structure. The modal model in the present work could be augmented to include the dynamics of the top foil. Also, as described in this paper, the presented model is adaptable to a more advanced Coulomb friction model (instead of the assumed equivalent viscous damping model).
